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We investigate the Keplerian (mass-shedding) sequence of rotating neutron stars. Twelve different
equations of state are used to describe the nuclear structure. We find four fitting relations which
connect the rotating frequency, mass and radius of stars in the mass-shedding limit to the mass
and radius of stars in the static sequence. We show the breakdown of approximate relation for the
Keplerian frequency derived by Lattimer and Prakash [Science, 304, 536, (2004)] and then we present
a new, EOS-independent and more accurate relation. This relation fits the Keplerian frequency of
rotating neutron stars to about 2% for a large range of the compactness MS/RS of the reference
non-rotating neutron star, namely the static star with the same central density as the rotating one.
The performance of the fitting formula is close to 4% for MS/RS ≤ 0.05 M⊙/km (fK ≤ 350 Hz).
We present additional EOS-independent relations for the Keplerian sequence including relations
for MKfK and RKfK in terms of MSfS and RSfS, respectively, one of MK/RK as a function of
fK/fS and MS/RS , and a relation between the MK , RK and fK . These new fitting relations are
approximately EOS-independent with an error in the worst case of 8%. The universality of the
Keplerian sequence properties presented here add to the set of other neutron star universal relations
in the literature such as the I-Love-Q relation, the gravitational binding energy and the energy,
angular momentum and radius of the last circular orbit of a test-particle around rotating neutron
stars. This set of universal, analytic formulas, facilitate the inclusion of general relativistic effects
in the description of relativistic astrophysical systems involving fast rotating neutron stars.
PACS numbers: 97.10.Kc, 26.60.Kp, 04.25.D-, 04.40.Dg
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I. INTRODUCTION
Neutron stars are the densest stars in the Universe
and play a fundamental role in the understanding of
a large number of relativistic physics and astrophysics
issues, e.g. the behavior of matter at supra-nuclear
densities, the mechanisms that trigger the most ener-
getic cataclysmic events in the Universe (supernovae and
gamma-ray bursts), the formation of heavy nuclei via r-
process nucleosynthesis in the ejecta of neutron star bi-
nary mergers and the population of high-frequency (kHz)
gravitational-waves sources. In addition, the observa-
tions of neutron stars in less energetic systems, e.g. pul-
sars in binary systems, the thermal X-ray emission from
isolated neutron stars and of the quasi-periodic oscilla-
tions from accreting neutron stars, is important to obtain
information about neutron stars radii, masses, ages, in-
ternal composition and temperatures.
The relation between the structure of a neutron star
(mass, radius, etc) and the microphysical input, namely
the equation of state (EOS) of ultra-dense matter, is cru-
cial for the understanding of all the above physical and
astrophysical scenarios. In view of the absence of a com-
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plete knowledge of the nuclear EOS at supra-nuclear con-
ditions, a variety of approaches has been used for mod-
eling neutron stars and deriving their properties which
depend on the selected EOS [1–5]. These properties have
been compared with the observational constraints that
help to narrow down the physically plausible nuclear EOS
(see e.g. [6]).
Many attempts have been made to obtain approxi-
mate, EOS-independent relations between neutron star
properties which become useful tools in astrophysical ap-
plications without suffering from the EOS indeterminacy.
Those relations are usually EOS-independent to within
O(1%) error and they have been called universal rela-
tions (see e.g. [7] and references therein). For instance,
Laarakkers and Poisson [8] calculated the quadrupole
moment of the mass distribution, Q, and concluded that
for a fixed mass and EOS, the Q-dependence on the
angular momentum J can be fitted by a quadratic for-
mula. In [9] it was found a fitting relation between the
parameter QM/J2, and the ratio of the circumferential
radius of star to its Schwarzschild radius, R/(2M), for
rotating neutron stars within the Hartle-Thorne, slow-
rotation approximation. In [10] it was introduced an
EOS-independent relation for the maximum rotational
frequency of stars in terms of mass and radius of non-
rotating stars. In [11] it was connected the frequency
and damping rate of the quadrupole f-mode to the mass
and moment of inertia of non-rotating neutron stars. In
2[12, 13] there were derived relations, within the frame-
work of the Hartle-Thorne approximation, which con-
nect the moment of inertia I, the Love number and the
quadrupole moment Q of rotating neutron stars, called
I-Love-Q relations. Afterwards, in [14] it was demon-
strated the breakdown of such relations in fast rotating
stars, then [15] extended these relations to fast rotating
by replacing the dimensional frequency with the dimen-
sionless angular momentum, j = cJ/(GM2⊙). Finally,
in [16] other dimensionless quantities such as M × f and
R×f were used to extend these relations. In [17] a pair of
relations connecting the maximum and minimum masses
of a rotating star of rotation frequency f , to the maxi-
mum mass of static configuration, were derived. Addi-
tional relations between the redshift (polar, forward and
backward) and the minimum and maximum compact-
ness of the star were also presented. It was there repro-
duced the formula suggested in [18] and reformulated in
[19], with different coefficients. In [20] formulas for the
binding energy of static and rotating stars as a function
of the gravitational mass and dimensionless angular mo-
mentum, j, where presented. Also, they provided a for-
mula connect the maximum mass, i.e., along the secular
instability limit, and j. Ref. [21] studied the last circu-
lar orbit of a test particle around fast rotating neutron
stars. They presented a pair of fitting relations that con-
nect the radius and orbital frequency of this orbit to the
rotation frequency f and massM of the rotating neutron
star.
The aim of this work is to investigate the Keplerian
(mass-shedding) sequence of rotating neutron stars to
search for EOS-independent relations useful for astro-
physical applications. We present here universal rela-
tions connecting the mass and frequency of a configura-
tion along the Keplerian sequence, to the mass and radius
of the non-rotating (static) configuration with the same
central density as the rotating star, and to the Keplerian
frequency of a test-particle in an orbit of size equal to the
static neutron star radius. Although we use c = G = 1
geometric units in our calculations, we restore physical
units to simplify the use of results in astrophysical situa-
tions. We use units M⊙, km and Hz, respectively for the
mass, radius and frequency.
II. KEPLERIAN (MASS-SHEDDING)
SEQUENCE OF ROTATING NEUTRON STARS
The EOS, namely relation between energy density and
pressure, is an essential requirement for describing the
macroscopic properties of stars. The EOS is used as
input to the Einstein field equations. Non-relativistic
[22] and relativistic models [23] have been used to ob-
tain stellar properties. In this work, we use 12 EOS with
different theoretical features including microscopic cal-
culations, relativistic mean-field and Skyrme mean-field
to find the universal relations. All of our selected EOS
used in the fits of the numerical data support a non-
rotating neutron star with a maximum mass larger than
MS >∼ 2.0 M⊙, consistent with the current observational
constraints [24, 25]. There are two EOS based on mi-
croscopic calculations, APR [26] and BL [27], eight rel-
ativistic mean-field models ,BKA22, BKA24 [28], CMF
[29], DDHδ(with hyperons) [30, 31], DD-MEδ [32], G1
[33], GM1(with hyprons) [34–36] and TW99 [37] and two
Skyrme mean-field models, SKa [38] and SLy4 [39], to
find the fitting relations. In order to test the robustness
of the universal relations and the obtained fits, we com-
pute the relative error for three additional EOS, not used
in the fitting procedure, and check their relative error lies
with the error attached to the given fits. For this task we
use a soft EOS, G2∗ [40], a moderately stiff EOS, GM1
(without hyperons)[34], and a stiff EOS, NL3 [41].
In order to solve Einstein field equations and inves-
tigate the structure and gravitational field of relativis-
tic, axisymmetric, stationary and uniform rotating stars,
many numerical methods have been developed since the
1970’s (see e.g. [42–47]). Based on these methods
a few publicly numerical codes have been developed
[48] to solve them. We use the public LORENE li-
brary (https://lorene.obspm.fr) for the numerical solu-
tion. This code has being developed based on the multi-
domain spectral method which had presented by Bonaz-
zola et al. [49, 50] and developed by Ansorg et al. [51].
One of the most important sequences limiting the equi-
librium states of the rotating star is the mass-shedding or
Keplerian sequence. This limiting configuration is usu-
ally determined by obtaining the configuration for which
the velocity of a fluid element at the stellar equator equals
the one of a test particle in a stable circular orbit at the
equator of the star, namely the limit when the centrifu-
gal and gravitational forces are in balance (see [52] for
a review on rotating stars). At the equator of the star,
fluid elements are dislodged at velocities higher than this
and the star begins to shed mass. Assuming the observed
rotation frequency f of the neutron star is not close to
the absolute maximum rotation frequency, or that the
mass of the star is not near the maximum stable mass
(see e.g. FIG. 1), then the Keplerian frequency can be
assumed as the maximum frequency at which the star
can rotate and therefore the condition f ≤ fK imposes
a lower limit to M , the Keplerian mass, MK or, equiv-
alently, an upper limit to R , the Keplerian radius, RK .
III. RESULTS
A. EOS-dependent sequence
Despite much studies on high density matter, there is
no still agreement on its EOS and a large number of EOS
are presented in the literature. Each EOS determines
the different equilibrium sequences of static and rotating
stars. In FIG. 2 we show, for the selected EOS, the mass-
radius relation of a star in the Keplerian sequence. It is
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FIG. 1. Mass versus equatorial radius along constant high-
frequency sequences for the GM1 EOS. It can be seen how
above some frequency value (here ≈ 1200 Hz) the mass at
which the constant frequency sequence cuts the Keplerian se-
quence does not represent a minimum mass bound.
obvious that the sequences depend on the EOS. This ap-
parent strong dependence on the EOS is our motivation
to unveil possible universal relations.
B. Universal (EOS-independent) relations
Lattimer and Prakash (hereafter L&P) derived in [10]
a relation, nearly independent of the EOS, which gives
the Keplerian frequency of a rotating neutron star, in
terms of the radius RS and massMS of the reference non-
rotating neutron star (star with the same central density
as the rotating one), providing it is not close to the max-
imum stable mass allowed by the EOS. The relation is
fK = 1045
(
MS
M⊙
)1/2 (
10 km
RS
)3/2
Hz ≈ 0.5701fS, (1)
where fS = 1833(MS/M⊙)
1/2(10 km/RS)
3/2 Hz is the
orbital frequency of a test particle spins around a spher-
ical mass MS at a distance RS . First, in FIG. 3 we plot
fK/fS ratio againstMS and it shows that Eq. (1) under-
estimates this ratio and the relative error between this
relation and the calculated ratio from EOS reaches up to
30% by increasing MS .
In order to find a more accurate relation for fK ,
we consider as parameter the compactness of the non-
rotating configuration of the same central density,
MS/RS (dimensionless parameter in geometric units).
We plot fK/fS as a function of MS/RS in FIG. 4.
It becomes clear that this is an approximately EOS-
independent and follows the universal relation fitted by
y = a0 + a1x+ a2x
2 + a3x
3, (2)
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FIG. 2. Mass versus equatorial radius of the configurations
at the Keplerian sequence for the selected EOS used in this
work.
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FIG. 3. fK/fS ratio versus MS for each selected EOS.
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FIG. 4. The fitting curve given by Eq. (2) (black solid curve)
and fK/fS ratio versus MS/RS for each selected EOS (upper
panel). The relative error between the calculated data and
Eq. (2)(lower panel)
where y = fK/fS and x = (MS/M⊙)(km/RS) and
the fitting parameters are a0 = 0.5926, a1 = 1.5933,
a2 = −9.9582 and a3 = 26.2608. The order of the polyno-
mial is chosen in such a way that the relative error is small
(e.g. <∼ 5%) and that the addition of more terms does not
improve the fit. In the upper panel of FIG. 4, the fitting
relation is indicated by a black solid line and, in the lower
panel, the relative error between the numerical calcula-
tions ycal and the fitting relation y, (ycal−y)/y is shown.
We conclude the numerical data can be fitted by Eq. (2)
with a relative error about 2% for a large range ofMS/RS
and increases up to 4% forMS/RS ≤ 0.05M⊙/km which
related to fK ≤ 350 Hz. It is worth to mention that, for
some EOS (see e.g. the BL one), the code numerical
results show some “fluctuations” which could in princi-
ple a affect the accuracy of our results. The problem
persists even if we use an EOS table with 500 points or
more. Fortunately, those fluctuations are observed only
in the low mass range, e.g. M < 1.0 M⊙, which is of
no astrophysical relevance. In addition, we have checked
that the order of magnitude of such fluctuations in that
low-mass region is of the order of 0.1 km for the equa-
torial radius. The relative error introduced is therefore
∼ 0.1/20 = 0.005. In the case of the frequency ratio
fK/fS, the fluctuations are of the order of 0.02, then the
relative error introduced is ∼ 0.02/0.66 = 0.03 which is
due to the Keplerian frequency error. This shows that
these fluctuations, very likely, are not affecting our nu-
merical results. This is further strengthened by the fact
that the majority of EOS of our sample are well-behaved.
In the calculations, we have used around 750 points for
each EOS, when using more than these number of points
does not improve the fitting results. .
We can now compare the new relation, Eq. (2), and
L&P relation, Eq. (1). To this aim we use the up-to-know
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FIG. 5. Comparison of the new relation, Eq. (2), and L&P
relation, Eq. (1). We here use the fastest observed pulsar
up to know, PSR J1748-2446ad [53] with f = 716 Hz and a
frequency of f = 1122 Hz, the rotation rate claimed of the
neutron star in the XTE J1739-285 [54], but not yet con-
firmed. The light gray dot-dashed and dotted curves give the
relation (1) from Ref. [10]. The dark gray dot-dashed and
dotted curves are obtained from our Eq. (2). We also show
the non-rotating mass-radius relation obtained with all the
EOS used in this work.
considered to be the fastest known pulsar, PSR J1748–
2446ad [53], which rotates with a frequency of 716 Hz.
In addition to this, for completeness purpose, we do the
same analysis using the XTE J1739-285 [54], which has
been claimed to rotate with a frequency of 1122 Hz. If
these latter observations will be fully confirmed, this pul-
sar will become the fastest observed neutron star. It can
be seen that the approximate relation of L&P is more
stringent than ours, namely the lower limit to MS it im-
poses for PSR J1748–2446ad (f = 716 Hz) is larger than
the one set by our Eq. (2) or, equivalently the upper
limit to RS is lower than ours.
This EOS-independent property motivates us to seek
for additional independent quantities. We investigate
other dimensionless parameters: MKfK , RKfK and
MK/RK whereMK and RK are the mass and circumfer-
ential equatorial radius of star in the Keplerian sequence,
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FIG. 6. MKfK versusMSfS for each selected EOS. The black
solid curve indicates Eq. (3) (upper panel). The relative error
between the curve and data (lower panel).
respectively. FIG. 6 and 7 show MKfK and RKfK in
terms of MSfS and RSfS , respectively. It is clear they
are approximately EOS-independent. MKfK can be fit-
ted by
y = b0 + b1x+ b2x
2 + b3x
3 + b4x
4 + b5x
5 (3)
where y = MKfK and x =MSfS are in M⊙Hz unit. This
equation is shown by a solid curve in the upper panel of
FIG. 6. The fitting parameters are b0 = −11.4297, b1 =
7.3839× 10−1, b2 = 1.4973× 10
−4, b3 = −5.2280× 10
−8,
b4 = 6.3072× 10
−12, b5 = −1.7919× 10
−16. The relative
error between the calculated data and the fitting relation
is presented in the lower panel of FIG. 6. We can see the
data can be fitted by this equation with relative error to
about 6%.
Another interesting parameter we study is RKfK . As
FIG. 7 shows, we fit this data with a relation (black solid
curve) which written
y = c0 + c1x+ c2x
2 + c3x
3 (4)
where y = RKfK and x = RSfS are in kmHz unit. The
fitting parameters are c0 = −2.8321× 10
3, c1 = 1.2792,
c2 = −8.6628 × 10
−6 and c3 = −2.0203 × 10
−11. The
lower panel of FIG. 7 shows the relative error between the
numerical data and the fit is about 4% for a large range
of RSfS and increases up to 8% for RSfS ≤ 8000 kmHz
which related to fK ≤ 350 Hz and MS ≤ 0.3 M⊙.
The next parameter we study is the compactness along
the Keplerian sequence, MK/RK . FIG. 8 shows in the
upper panel the numerical data and the fitting relation
(block solid curve). The relative error, which is around
4%, is shown in the lower panel.
The numerical relation is well fitted by
y = d1x+ d2x
2 + d3x
3 + d4x
4 (5)
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FIG. 7. RKfK versus RSfS for each selected EOS. The black
solid curve indicates Eq. (4) (upper panel). The relative error
between the curve and data (lower panel).
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where x = (MS/M⊙)(km/RS)(fK/fS) is a dimension-
less quantity and the fitting parameters are obtained
in such a way that y = MK/RK is also dimensionless.
The fitting parameters are d1 = 1.7658, d2 = 7.0424,
d3 = −7.5442× 10
1 and d4 = 2.2236× 10
2. This equa-
tion, which shows the relation between the compactness
of rotating neutron star in the Keplerian sequence and
that of the reference static neutron star, gives the least
compact rotating neutron star for a given rotation fre-
quency.
The introduced equations give the relation between the
various quantities of rotating and static neutron stars.
The following equations give the relation between dimen-
sionless parameters, e.g. RKfK and MKfK . FIG. 9
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FIG. 9. RKfK versusMKfK for each selected EOS. The black
solid curve indicates Eq. (6) (upper panel). The relative error
between the curve and data (lower panel).
shows that these quantities can be related in an EOS-
independent fashion and a fitting relation is
y = e0 + e1x+ e2x
2 + e3x
3 + e4x
4 + e5x
5 + e6x
6, (6)
where y = RKfK , x = MKfK are in kmHz and M⊙Hz
units, respectively. The fitting parameters are e0 =
56.8408× 102, e1 = 17.5480, e2 = −1.2587× 10
−2, e3 =
5.9763× 10−6, e4 = −1.5983× 10
−9, e5 = 2.1962× 10
−13
and e6 = −1.2032 × 10
−17. The relative error is about
1% for MKfK ≥ 500 M⊙Hz and increases to 4% for
smaller amounts. We can also reverse the above relation
to obtain
y = h0 + h1x+ h2x
2 + h3x
3 + h4x
4 + h5x
5 + h6x
6, (7)
where y = MKfK and x = RKfK . The fitting pa-
rameters are h0 = −28.1955 × 10
2, h1 = 1.3433, h2 =
−2.5528 × 10−4, h3 = 2.5133 × 10
−8, h4 = −1.3087 ×
10−12, h5 = 3.5361× 10
−17 and h6 = −3.8115× 10
−22.
This relation fit the numerical data to about 2% for
RKfK ≥ 1000 km Hz and the relative error increases
to 13% for smaller RKfK .
IV. CONCLUSIONS
We studied the Keplerian (mass-shedding) sequence
of uniformly rotating neutron stars by using a variety
of EOS. We searched for nearly EOS-independent rela-
tions that connect structure properties of the star to each
other.
We showed that the relation (1) by L&P [10], namely
the ratio between the rotation frequency of a neutron
star at the Keplerian sequence, fK , and the Keplerian
frequency fS of a particle in a circular orbit at the sur-
face of the non-rotating neutron star with the same cen-
tral density as the rotating one, is neither accurate nor
EOS-independent as originally thought at the time it was
proposed (see FIG. 4). We thus found the new rela-
tion given by Eq. (2) of the ratio fK/fS as a function
of the non-rotating neutron star compactness, MS/RS ,
which is EOS-independent within only a 4% error. We
use this new relation to put new constraints to the neu-
tron star mass-radius relation using the fastest pulsar
observed (see FIG. 5).
We proceeded to search for additional (nearly) EOS-
independent relations and derive fitting polynomials for
MKfK in terms of MSfS (see Eq. 3 and FIG. 6); RKfK
in terms of RSfS (see Eq. 4 and FIG. 7); for MK/RK in
terms of MSfK/(RSfS) (see Eq. 5 and FIG. 8); and for
RKfK in terms of MKfK (see Eq. 6 or 7 and FIG. 9).
These new fitting relations are nearly EOS-independent
within a maximum error of 8%.
The universality of the Keplerian sequence properties
found in this article, in particular Eqs. (2), (5) and (6 or
Eq. 7) which have been shown to be most accurate, add to
the set of other universal relations of neutron stars known
in the literature such as the I-Love-Q relation [12, 13],
the binding energy of non-rotating and rotating neutron
stars [55] and the nearly EOS-independent behavior of
the energy, angular momentum and radius of the last
circular orbit of a test-particle around rotating neutron
stars [20, 21]. This set of universal, analytic formulas,
facilitate the inclusion of general relativistic effects in the
description of relativistic astrophysical systems involving
fast rotating neutron stars (see e.g. [56–58]) and can be
also used to put constraints to the mass-radius relation
of neutron stars and so to the EOS of nuclear matter (see
FIG. 5).
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